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Abstract. In the present paper we prove weighted ergodic theorems and muhi- 
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1. Introduction 



The present paper is devoted to the weighted ergodic theorems for positive con- 
tractions acting on Banach-Kantorovich lattice Lp^V, ft). Note that in [22, 1] weighted 
ergodic theorems for Danford-Schwraz operators acting on Lp-spaces were proved. 
Further, in [2, 3] such results were extended to Banach- valued functions. In [23] it 
has been considered weighted ergodic theorems and strong laws of large numbers. 
In [20] some properties of the convergence of Banach-valued martingales were de- 
I scribed and their connections with the geometrical properties of Banach spaces were 

established too. 

It is known that the theory of Banach bundles stemming from the paper [13], 
where it was proved such a theory has vast applications in analysis. In [12, 13, 
16, 17]) the theory of Banach-Kantorovich spaces were developed. In [8] Banach- 
Kantorovich lattice -Lp(V,/i) is represented as a measurable bundle of classical Lp 
-lattices. Hence, with the development of the theory Banach-Kantorovich spaces 
, . there naturally arises the necessity to study some ergodic type theorems for posi- 

i tive contractions and martingales defined on such spaces. In [5] an analog of the 

' individual ergodic theorem for positive contractions of Banach-Kantorovich lattices 

Lp(V,ju), has bee established. In [21] such a result has been extended to Orlich- 
Kantorovich lattices. In [7] the convergence of martingales on such lattices is proved. 
Further, in [9] the "zero-two" law for positive contractions of Banach-Kantorovich 
lattice Lpiy has been proved. 

In the present paper we are going to prove weighted ergodic theorems and multi- 
parameter weighted ergodic theorems for positive contractions acting on Lp(V,/i). 
We note that more effective methods to study of Banach-Kantorovich spaces are 
the methods of Boolean-valued analysis and measurable bundles (see [16], [17], [18]). 
In the present paper we shall use the methods of measurable bundles of Banach- 
Kantorovich lattices. 



2. Preliminaries 



In this section we recall and formulate necessary definitions and results about 
Banach-Kantorovich lattices. 
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Let (JljSjA) be a measurable space with finite measure A, and Lo(^^) be the 
algebra of all measurable functions on ( here the functions equal a.e. are identified) 

and let V(i7) be the Boolean algebra of all idempotents in Lq{0,). By V wc denote 
an arbitrary complete Boolean subalgebra of V(0). By we denote the set of 

all measurable essentially bounded functions on $7, and L°°(J7) denote an algebra of 
equivalence classes of essentially bounded measurable functions. 

Let E be a linear space over the real field R. By || • || we denote a Lo(f^)-valucd 
norm on E. Then the pair (£", || • ||) is called a lattice-normed space (LNS) over Lq{Q.). 
An LNS E is said to be d- decomposable if for every x E E and the decomposition 
||x|| = f + g with / and g disjoint positive elements in Lo(fi) there exist y,z E E 
such that X = y + z with \\y\\ = f, \\z\\ = g. 

Suppose that [E, \\ ■ ||) is an LNS over Lo{Q). A net {xa} of elements of E is said 
to be (bo) -converging to x E E (in this case we write x = (5o)-lim Xq,), if the net 
{\\xq. — a: 11} (o)-converges to zero in Lq{Q) (written as (o)-lim Hxq, — a;|| = 0). A net 
{xa}aeA is called (bo) -fundamental if (x^ — xp)(^ct,p)eAxA {bo)-conveicges to zero. 

An LNS in which every (6o)-fundamental net (6o)-converges is called (bo) -complete. 
A Banach-Kantorovich space (BKS) over Lq{Q) is a (6o)-complete d-decomposable 
LNS over Lq{^1). It is well known [16], [17] that every BKS E over Lo{Q) admits 
an Lo(f^)-module structure such that = |/| • ||x|| for every x E E, / € Lo{Q), 

where |/| is the modulus of a function / G Lo{Q,). A BKS {U, \\ ■ ||) is called a 
Banach-Kantorovich lattice if is a vector lattice and the norm || • || is monotone, 
i.e. 1^1 1 < |?X2| implies < ||?X2||- It is known [16] that the cone 14+ of positive 
elements is (6o)-closed. 

Let (Q, S, A) be the same as above and X be an assisting real Banach space 
{X{uj), II • llx(w)) to each point oj G ft, where X{uj) ^ {0} for all oj E ft. A section of 
X is a function u defined A-almost everywhere in that takes values u{uj) G X{u)) 
for all CO in the domain dom{u) of u. Let L be a set of sections. The pair {X, L) is 
called a measurable Banach bundle over J7 if 

(1) aiUi + a2U2 G L for every ai, 02 G M and ui,U2 G L, where 
aiui + 0:2^2 : £ dom{ui) n dom{u2) aiui{ijj) + a2U2{u); 

(2) the function \\u\\ : uj G dom{u) \\u{'^)\\x{uj) is measurable for every u E L; 

(3) the set {n(a;) : u E L,oo E dom{u)} is dense in X{oo) for every oj Efl. 

A measurable Banach bundle {X, L) is called measurable bundle of Banach lattices 
(MBBL) if {X{oj), II • ||x{lj)) is a Banach lattice for all G and for every ui, tt2 G L 
one has uiM U2 E L, where ui V U2. co E dom (ui) n dom (^2) — > ^ti(w) V U2{uj). 

A section s is called step-section if it has a form 



for some Ui E L, Ai E S, Ai H Aj = ^, i ^ j, i,j = 1, - ■ ■ ,n, n E N, where XA is 
the indicator of a set A. A section u is called measurable there exists a sequence of 
step-functions {sn} such that Sn{co) — > u{u) A-a.e. 

By M{Q, X) we denote the set all measurable sections, and by Lo(^) ^) the factor 
space of M(ri, X) with respect to the equivalence relation of the equality a.e. Clearly, 
Lq{Q,X) is an Lo(f^)-module. The equivalence class of an clement u G AI{Q,X) 
is denoted by it. The norm of iiLqIQ, X) is defined as a class of equivalence in 

Lq{U) containing the function ||tf(w)||x(u;)) namely H^ill = (||tf(w) ||x (w))- In [12] it 
was proved that Lo{^,X) is a BKS over Lo{Q). Furthermore, for every BKS E 
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over Lo{Q,) there exists a measurable Banach bundle {X,L) over Jl such that E is 
isomorphic to Lo(fi). 

Let X be a MBBL. We put u < v if u{uj) < v[uj) a.e. One can see that the 
relation u < v \s a, partial order in Lq(Q,,X). If X is a MBBL, then Lo(0,X) is a 
Banach-Kantarovich lattice [6, 8]. 

A mapping /Lt : V — )■ Lo(ri) is called a Lo{^},) -valued measure if the following 
conditions are satisfied: 

1) //(e) > for all e G V; 

2) if e A 5 = 0, e, 3 e V, then /x(e V 5) = //(e) + n{g); 

3) if Cn i 0, en G V, ne N, then /t(en) i 0. 

A Lo(fi)-valued measure /x is called strictly positive if /t(e) = 0, e G V implies 
e = 0. 

Let a Boolean algebra V(0) of all idempotents of Lq{Q,) is a regular subalgebra 
of V. 

In the sequel we will consider a strictly positive Lo(ri)-valued measure /x with the 
following property iJ,{ge) = giJi{e) for all e G V and g G V(il). 

Let Vo;, a; G be complete Boolean algebras with strictly positive real- valued 
measures Hi^. Put pi^{e,g) = /Xtj(e A g), e,g G Voj- Then (V(^,/i(^) is a complete 
metric space. Let us consider a mapping V, which assigns to each a; G f2 a Boolean 
algebra V^;. Such a mapping is called a section. 

Assume that L is a nonempty set of sections V. A pair (V, L) is called a measur- 
able bundle of Boolean algebras over Q if one has 

1) (V,L) is a measurable bundle of metric spaces (see [8]); 

2) if e G L, then e^ G L, where e-*- : a; G dom (e) — > e-^{u); 

3) if ei, 62 G L, then ei V 62 G L, where ei V 62 : a; G dom (ei) fl dom (62) — >■ 
ei{uj) V 62(0;). 

Let M(fi, V) be the set of all measurable sections, and V be a factorization 
of M(i7, V) with respect to equivalence relation the equality a.e. Let us define a 
mapping /t : V — > -Lo(^) by /i(e) = /, where / is a class containing the function 
f{uj) = fj,ij{e{uj)). It is clear that the mapping /x is well-defined. It is known that 
(V,/x) is a complete Boolean algebra with a strictly positive Lo(^^)-valued measure 
/t. Note that a Boolean algebra V(r2) of all idempotents of Lq{Q) is identified with 
a regular subalgebra of V, and one has ll{ge) = g'j2{e) for all g G V(ri) and e G V. 

The reverse is also tree, namely one has the following 

Theorem 2.1. [8] Let V be a complete Boolean algebra, jl be a strictly positive 
Lo{Q)-valued measure on V, and V(fi) is a regular subalgebra of V and jl{ge) = 
gfi{e) for all g G V(ri), e G V. Then there exists a measurable bundle of Boolean 
algebras (V, L) such that V is isometrically isomorphic to V. 

By the equality /t(e) = i^^^^i) we define (O)-valued strictly positive measure 

on V, where I is an identity in V. 

Assume that p is a lifting on L°°{i),) [13]. Define a real- valued quasi-measure on 
V by //O (e) = p{n{e)){u) for all a; G 

Let 7° = {e G V : fj,^{e) = 0} for all cj e Q. It is clear that J° is an ideal of V. 
Put V[J, = V//(^. Then V[J, is a Boolean algebra with strictly positive quasi-measure 
fi^. Let us complete the metric space (V2,,Pa;), where Puj{e,g) = lJi%{e A g), and 
completion we denote by V^;. Then Voj is a complete Boolean algebra with strictly 
positive real- valued measure /X£j, which is an extension of /x^,. 
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Assume that tt^; : V ^ V° is a factor-homomorphism, : V^, V^; is the 
inclusion, then "joj = iu o t^uj is a homomorphism from the Boolean algebra V into 
Boolean algebra V^;. 

Let V be a mapping, which assigns to each lo £ Q a Boolean algebra V^^ with 
strictly positive real-valued measure Huj, and L = {e : e{u}) = joj{e),e £ V}. It is 
known [8] that the pair (V, L) is a measurable bundle of Boolean algebras and V is 
isomctrically isomorphic to V. Moreover, one has /i = /i (see [8] for more details). 

By Lo(V,//) we denote an order complete vector lattice Coo((5(V)), where QCV) 
is the Stonian compact associated with complete Boolean algebra V. For f,g& 
Lo(V,/i) we let p{f,g) = J ^j^^^L^ ii/x. Then it is know [8] that p is an Lo(l^)-valued 

metric on Lo(V,/i) and (Lo(V,/i),p) is isometrically isomorphic to the measurable 
bundle of metric spaces Lo(Va,, fioj), where pu){a, b) = J ^ ^"j^^l^i <iMaj- In particularly, 

each element / G Lo{V, fi) can be identified with the measurable section {f{ui)}^^Q, 
here /(w) G Lo{V uj , iJ-ui) ■ 

Following the well known scheme of the construction of Lp-spaces, a space Lp(V, n) 
can be defined by 

Lp{V, A) = | / e Lo(V) : J \f\Pdfi - exist | , p>l 

where /i is a Lo(rj)-valued measure on V. 

It is known [16] that Lp{y,jl) is a BKS over Lq{^) with respect to the Lq{^)- 

valued norm 11/11 ^^^.y = ( ^ \ffdjl\ . Moreover, Lp(V, /t) is a Banach-Kantorovich 
lattice (see [17], [8]). 

Let X be a mapping assisting an Lp-space constructed by a real-valued measure 
pLu, i.e. Lp(Vtj, to each point a; G O and let 

L = ^ ajCj : CKj G M, G M(0, V), i = T/n, neN> 

be a set of sections. In [8, 10] it has been established that the pair (X, L) is a 
measurable bundle of Banach lattices and Lo(f^,X) is modulo ordered isomorphic 
to Lp{V,fi). 

Let as before p > 1 and Lp{V, jl) be a Banach-Kantorovich lattice, and Lp{V uj, IJ'lo) 
be the corresponding Lp-spaces constructed by a real valued measures. Let T : 
Lpiy , jl) — 7> Lp{V, jl) be a linear mapping. As usual we will say that T is positive if 
Tf > whenever / > 0. We say that T is a Lq{Q,) -bounded mapping if there exists 
a function k G Lo{Cl) such that < ^[[/[[^^(v p.) / ^ Lp{y ,jl). For 

a such mapping we can define an element of Lo(0) as follows 



1^11 = sup IIT/II 



IlipCv.A)--* 



Lj,{V,A)' 



which is called an Lo{U)-valued norm of T. If < \\f\\j^ then a 

mapping T is said to be a Lp{V,ji) contraction. 

The set of all essentially bounded functions w.r.t. / taken from Lo(V,/i) is de- 
noted by L°°(V,/x). 
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Let V^^^ be a regular Boolean subalgebra of V, and fi^ is the restriction of fi onto 
V^. Then according to Theorem 4.2.9 [16] there exists the conditional expectation 
operator E{-\V^) : Li(V,/t) Li{V^^\ fi^) which satisfies the following conditions: 

(a) £'(-|V^^^) is linear, positive and idempotent; 

(b) for every / G Li(V,/i) one has / E{f\V^^^)dfi = J fdfi; 

(c) E{gf\V^^y) = gE{f\V^^y) for every g G L°^{V^^\ fi^^'^) and / € Li(V,/i). 

(d) Moreover, one has ||^(/|V(i))||^^(^^^) < ||/||i^(v,^) for every / G Li(V,/x) 
and £;(I|VW) = I. 

In the sequel we will need the following 

Theorem 2.2. [9, 8] LetT : Lp(V,/x) Lp{V,fi.) be a positive linear Lp{V , fi) con- 
traction such that TI < I. Then for every ui € Q there exists a positive LpCV^,, iJ-u)) 
contraction T{uj) : Lp{V ^, ji^) — >■ Lp{S/ ^, ji^) such that T{u)f{ijj) = {Tf)(u}) X-a.e. 
for every f e Lp{V,fi). 

By means of measurable bundle of L^-spaces and at each bundle applying classical 
ergodic theorem, it has been proved the following 

Theorem 2.3. [5] Let p > I, q> 1 with ^ + ^ = I and T : Lp{V,fi) Lp{V,fi) 

he a linear positive LpiSJ , fi) contraction with Tl < I. Then for every f G Lp{V, jl) 
one has 

(i) the sequence 

^ n—l 
1=0 

is bounded in Lp{S/,fi), and 

l|sups„(|/|)||^^(^_^) < q\\f\\L,(y,nv 

(ii) there exists an element f G Lp{V,fi) such that the sequence s^(/) (o)- 
converges to f in Lp{V,fi). 

It is worth to mention that in [21] it has been proved that for every / G Lp{S/, fj) 
at p > 1 the averages Sn{f) (6o)-converge in Lp{V,fi). 

3. (o)-CONVERGENCE 

In this section we provide some auxiliary facts related to (o)-convergence of se- 
quence /n from Lq(V, fi) and (o)-convergence of the sequence {/n(w)} from i>o(Vaj, Moj) 

For n = (ni,...,n(i) G N'^ denote m(n) = min{ni, . . . , n^}. In the sequel by 
n — 7- oo wc mean m{n) — t- oo. For n = (n-i, n2, . . . , n^), k = (ki, k2, ■ ■ ■ , kd) we write 
n < k if and only if < ki (i=l,2, . . . ,d), n < k if < fej (i=l,2, . . . ,d). 

Theorem 3.1. Let fa G Lo(V,/i). Then sup/n exists in Lo(V, /i) if and only 

n 

i/sup/n(a;) exists in Lq{S/^,ijl^) for a.e. oj E ft. In the later case, one has 

n 

(sup/n)(a;) = sup/n (a;) for a.e. u eCl. 

n n 

Proof. Assume that g{uj) = sup/n(w) exists in L^iV^^ii^) for a.e. w G O. Denote 

n 

5n = sup /k in Lo(V,/i). Then 5n('^) = sup /k(w) for a.e. a; G fi. 

l<k<n l<k<n 
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Obviously, that gn{!^) t gi'^) as n — >■ cx) for a.e. w G $7. The relation gnito) t g{!^) 
implies that 5n(w) ^ ^(w) for a.e. uj E O,, this means g G M(Q,, X) and g G -Z^o(V, /i). 
Let us prove that g = sup/n in Lo(V,/i). It is clear that g{uj) > /n(w) for a.e. 

n 

Lo eQ. Therefore, g > fn for all n G N^. 

Let ^ G L0(V, jl) and ^ > /„ for all n G N'^. Then ip{uj) > fn{u}) for any n G N^. 
Hence, ip{uj) > g{uj), for a.e. a; G fi, i.e. 'f> > g- This yields that ^ = sup /„. 

Conversely, let us assume that there exists such -0 G Lo(V,/i) that 'ip = sup/n = 

n>l 

sup ^n- 

From gii{uj) = sup /k(w) for a.e. G fi, we find ^ fn{^) for all n G N*^ 

l<k<n 

for a.e. u € O,. Hence, one gets i/j{uj) > sup /n(w) = sup gn{oj) for a.e. a; G . As 



5n in metric p, then 5'n('^) — > in metric for a.e. a; G Jl. Since {ga{oj)} 
is increasing then '4^{oj) = sup gn{uj) for a.e. w G O. □ 

neN<^ 

Prom this theorem immediately follows two corollaries. 
Corollary 3.2. Let {fn} C Lo(V,/i). Then inf /„ exists in Lq{V , jl) if and only if 
inf f{uj) exists in Lo{Vui, (J-ui) for a.e. u & Q,. In later case, one has ( inf /n)(i^) = 
inf fn{i^) for a.e. a; G 



Corollary 3.3. Let /„ G Lo{V,fi). If /„ ^ / for some f G Lo(V,/i), i/ien 

/Ww) for a.e. u £ Q.. Conversely, if fn{uj) H g(uj) for 
some g{oj) G LqCS/ui, /jL^j) for a.e. a; G O,, then g G LqCV, ft) and fn^—^gin Lo{V, jl). 



4. Weighted ergodic theorems 

In this section we shall prove some weighted ergodic theorems in Lp(^,fi). 
First we recall that a sequence {a{k)} is called Besicovich if for every e > there 
is a sequence of trigonometric polynomials ips^ such that 

1 

lim sup — y \a{k) — i/^eik)] < £ 
k=l 

We say that {a{k)} is bounded Besicovich if a{k) G In what follows, we 
consider only bounded, real Besicovich sequences. 

Theorem 4.1. Let T : Li(V,/i) — > Li(V,/i) be a positive linear Li(V,//) contrac- 
tion with TI < I, and {a{k)} he a bounded Besicovich sequence. Then for every 
f G Li(V,/i) the averages 

A^(f) = ^Y.oc{k)T^f 



N 

k=l 



{o)-converge in Lo(V,/x). 
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Proof. According to Theorem 2.2 for each a; G O there exists a positive contraction 
■ Li{V^,n,,) ^ Li(Va;,/Xa,), such that T^f{co) = {Tf){uj) for every / G Li(V,A) 
and a.e. a; G Then for every / G Li{V, jl) we have 

1^-1 

^iv(/)H = (^i;a(fc)rV)H 
fc=i 

1 

k=l 

for a.e. a; G 

By means of Theorem 1.4 [1] one gets the existence of the hmit 

N-l 

(o)-hm-^a(fe)T^(a;)/H 
k=l 

for every / G Li(V, /t), and the hmit belongs to Lo{Voj, iJ-oj) for a.e. a; G fi. This 
means 

I^(/)(a;) = A^(/(a;))^7(a;) 

in Lo(Va;, /Xcj) for a.e. a; G O and for some f{oo) G Lo(Va;, /Lt^;). Due to Corollary 3.3 
we obtain 

inLo(V,/x). □ 

Remark 4.2. /n case a(A;) = 1 Theorem 4-i implies Theorem 3.2 (i) [21] 

Corollary 4.3. Let T : Li(V,/i) — > Li(V,/i) &e a positive linear Li(S/ , fi) contrac- 
tion with n < I, and jk be an increasing sequence of positive integers such that 

sup ^ < oo. Then for every f G Li(V,/() i/ie limit 
k 

1 ^^"^ ^ 

(o)-lim-^r^V 

k=l 

exists in iyo(V,ju). 
Proof. Let us define 

^ ^ [1, ifA; = jfe. 

Then is known [19] that a{k) is a Besicovich sequence. Hence, Theorem 4.1 imphes 
the assertion. □ 

Theorem 4.4. Let p > I, q > I with i + | = 1, and T : Lp{V,jl) — > Lp{V,jl) 

be a positive linear Li(\/,fi) contraction with TI < I, and {a{k)} be a bounded 
Besicovich sequence. Then for every f G Lp(V,/i) one has 

(i) the sequence ^jv(|/|) is bounded in Lp{V,jl) and 

II sup A^(|/|)||^^(^_^^ < gsup|a(fe)|||/||^^(^_^); 

(ii) there exists an element f G Lp{y,p,), such that the sequence ^Ar(/) (o)- 
converges to f in Lp(V,/t). 
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Proof, (i) Due to Theorem 2.2 for each / G Lp{S/,jX) and for a.e. oj € one has 
^Af(/)(w) = AN{f{oj)) (see (1)). Applying Akcoglu's Theorem [15] we have, that 
sup ^jv(|/(w)|) G Lp{Voj,Hui) and 

N>1 

II sup^7v(|/(a;)|)||Lp(v„,^„)) < gsup |a(fc)|||/(a;)||i^(v^,^^) 

iV>l k 

for a.e. a; G Jl. Then we get 

l|sup^Ar(|/|)L (^^) = Ijsup^^d/HDII 

< gsup|a(fe)|||/(a;)||L^(v„,^^) 

k 

= gsup|a(fc)|||/||^^(^_^). 

(ii) Since, T is positive hnear Li(V,/t) contraction in Lp{Vu}, IJ'oj) and TI < 
I, then by the Theorem 2.2 T{co) is Li{Vuj, jJ'uj)) contraction in Lp{Vuj, /J'uj)) and 
T{uj)l{u;) < I(a;). This means that T{uj) is i^i(Vcj, /ii^)) — Loo{Vu), fJ-iv)) contrac- 
tion Lp(y ji^)) for a.e. (j G il. From Theorem 1.2 [2] we find that the sequence 
Aj^{f{oj)) (o)- converges to some hmit /(w) a.e. a; G r^, for every /(w) G Lp{V , /ii^) . 
Then Corollary 3.3 implies that 

= A,;;(7(:;))^/H = / 

in Lo(V,/i). Due to 

'I ^,^P^Jv(|/|)||^ (v,p) < 9sup|a(fc)|||/|| 



one finds 



Therefore, 



sup^ivd/j) G Lp(V,/x). 



Ar>i 



inLp(V,/x). □ 

5. Multiparameter weighted ergodic theorems 

In what follows, given n = (ni, n2, . . . , n^) we denote |n| = ni • n2---nd, and 
1 = (1,1,...,1). 

Let Ti,T2, . . . ,Tii he d linear positive LpiV, /t) contractions in Lp{V, /t), 1 < p < 
oo. Then we denote T" = T^^ ■ ■ ■ T^"*, where n = (ni, n2, . . . , n<i) G N<^. 

Theorem 5.1. Lei T = (Ti,T2, . . . ,T(i) denoted d, linear positive Lp{\/,fi) contrac- 
tions in Lp{V, jl), 1 < p < oo such that Til < I for alii : 1 < i < d. Then for every 

f G Lp{V,jl) one has 
(i) The averages 

' ' k=l 

is hounded in Lp(V, jl), and one has 

||sup5„(|/|)|| ^ </||/|| ^ ; 
Lp(V,M) 
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(ii) There exists an element f € Lp(V,fi), such that Sn{f) (o)- convergence to 
f in Lp{V,fi). 

Proof. Due to Theorem 2.2 one has 

fci=i fcd=i 



fei=l kd=l 

= 5„H(/H) 

for a.e. a; G 0. 

By Theorem 1.2 [15] (p.l96) we have || sup5„(a;)(|/(a;)|)||^^(^ < g''||/(u;)IL^(v,^) 

and there is g{uj) € Lp{Vuj, l^oj) such that 5n(w)(/(w)) ^ g{u!) in Lp{Vuj,fiuj)- A-C- 
cording Theorem 3.1 sup/S'n(/) exists in Lp{V,jl), and one has 

n 

||sup5„(|/|)|| ^ <9'^ll/IL,(v,;i)- 
By Corollary 3.3 we obtain that 

Snif) = 5n(^(u;)) ^4g^) = f 
in -Lo(V,/i). Since 5„(/) is bounded in LP{V,il), then 5„(/) Hfin Lp{V,il). □ 

The next theorem is an analog of multiparameter weighted individual ergodic 
theorem in Banach-Kantorovich lattice Lp(V,/i). 

Recall that (see [1]) a class of weights {a(k) : k € N'^} is called Besicovich, if for 
any e > there is sequence of trigonometric polynomials in d variables , V'e such 
that 



1 

limsup 1 — I ^ |Q;(k) — '0£(k)| < £■ 



n—¥oo n 

k=l 



We say that {Q(k)} is bounded Besicovich if a(k) € 

Theorem 5.2. Lei T = (Ti, T2, . . . , T^^) denoted d linear positive Li{\7 , fi) contrac- 
tions in Lp{V, fi), 1 < p < 00 such that Tjl < I for all i : 1 < i < d, and a(k) be a 
bounded Besicovich weights. Then for every f G Lp{V,fi), the averages 



' ' k=l 



(o)- converge to some f in Lp(V,/i). 

Proof. Using Theorem 2.2 we immediately obtain that 

T\f){u) = {Tt ■ ■ ■ T^/f){^) = Tti^) ■ ■ ■ T^/i^)fi^) = T^\^)fi^) 
for any / G Lpiy^fi) and for a.e. a; G J7. Hence, 

^n(/)H = T^X^a(k)T^a;)(/H) = 



' ' k=l 
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for a.e. u € Q and for any / G Lp(V,fi). 

Since every Tj is linear positive Li(V, /t) contractions in Lp{V,jj.) and Tjl < I 
then by Theorem 2.2 every Ti{oii) is positive Li{Vu>, IJ-ui) contraction in Lp{Voj, iJ'ui) 
and Til{Lo) < for a.e. oj £ Q. This means that Ti{oj) is Li{Vaj,fiuj) — 

L°°{Vu), fiuj)- contraction. Then by Theorem 1.2 [1] the averages An{f{(jj)) (o)- 
converge to some g{uj) G Lp{Vuj, ii^j)- According Corollary 3.3 we find ^n(/) = 

AjJi^;)) Hf = ^) in Lo(V, A)- 



Prom 



l^n(/M)| = |r^^a(k)T'^M(/M)| 



1 

k=l 

1 



< ^^|a(k)|T^a;)(|/(a;)|) 



' ' k=l 



< 



A^T^a;)(|/(a;)|) 

' ' k=l 



and 



n n, 

' ' k=l 



we find sup \ An{f{oo))\ G LpCVu, jJ-u), where b = sup |Q!(k)| for a.e. a; G 
n k 

According Theorem 3.1 one gets sup|An(/)| G LQ{S/,fi). 

n 

From Theorem 1.2 [15] (p. 196) it follows that 



sup|A„(/(a;))| 



< b 

p 



n n, 
' ' k=l 



for a.e. a; G 

This means that 



lsup|^n(/)||^^(V,A)<6-/ 



and ^n(/) is bounded in Lp{y Hence ^n(/) ^ / in Lpiy □ 
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